Abstract: This paper proposes a novel control methodology to incorporate constraint handling within generalized iterative learning control (ILC), an overarching methodology which includes intermediate point and sub-interval tracking as special cases. The constrained generalized ILC design objective is first described, and then the design problem is formulated into a successive projection framework. This framework yields a constrained generalized ILC algorithm which embeds system input and output constraints. Convergence analysis of the algorithm is performed and supported by rigorous proofs. The algorithm is verified using a gantry robot experimental platform, whose results reveal its practical efficacy and robustness against plant uncertainty.
INTRODUCTION
ILC is a high performance control design methodology to improve the tracking accuracy of a system repeating the same task over a finite time horizon. By updating the control input based on the data from previous trials, ILC theoretically enables the tracking error to converge to zero after sufficient trials. This feature has led ILC to be widely applied to precision industrial tasks, such as robotic systems (Hladowski et al. (2010); Norrlof (2002) ), chemical batch processing (Lee and Lee (2007) ) and stroke rehabilitation (Freeman (2016) ). See Bristow et al. (2006) for a detailed overview.
In classical ILC, the tracking requirement is to follow a given motion profile defined over a finite time horizon. However, for some applications such as robotic pick-andplace tasks, the output trajectory is only critical at a finite number of 'intermediate' time instants, and by eliminating the unnecessary output constraints, significant control design flexibility can be exploited to embed additional performance. A novel ILC framework termed intermediate point ILC is proposed to address this problem, and is formulated in Freeman et al. (2011); Freeman (2012); Freeman and Tan (2013) ; Chu et al. (2015) . Subsequent research has expanded the intermediate point ILC framework to allow simultaneous tracking of both the reference along the whole time horizon and the intermediate points, in which the tracking error on the latter has a faster convergence rate than that elsewhere along the time horizon. This ILC framework is named norm optimal ILC with intermediate point weighting and is studied in Owens et al. (2013) .
Recent research has expanded the framework to tackle the spatial ILC problem. Here the output is required only to follow a path (i.e. a mapping between output variables), with no specific timing imposed. This problem addresses the needs of automation tasks such as welding, laser cutting and additive manufacturing. The ILC framework was generalized in Owens et al. (2015) to embed tracking of any subset of outputs on defined sub-intervals of the time duration, and at an arbitrary number of intermediate points.
Termed 'generalized ILC', it is equivalent to combining intermediate point ILC with sub-interval tracking. This paper then showed how linear constraints between outputs could be used to enforce tracking along lines or planes with no a priori timing constraints while also minimizing control effort. This hence provided a formal solution to the spatial tracking problem.
However, neither hard input nor output constraints have been embedded in the generalized ILC framework. These exist widely in practice and have significant impact on industrial manufacture, e.g. to prevent system damage. In particular, the absence of output constraints causes potential overshoot, e.g. the output goes beyond the boundary of its acceptable space. Hence it is critical to embed both input and output constraints in the generalized ILC framework. Input constraints have been studied in classical ILC and intermediate point ILC (Janssens et al. (2013); Mishra et al. (2011); Bolder and Oomen (2016); Freeman et al. (2011)) , and the successive projection method proposed in von Neumann (1950) was used to solve the constrained ILC problem in Chu and Owens (2009, 2010); Chu et al. (2015) . ILC in high order non-linear systems with output constraints is studied in Jin and Xu (2013) . However, output constraints remain an open problem.
In this paper, constraints are incorporated into generalized ILC. As well as solving the spatial ILC problem, this provides a constrained solution to the special cases of ILC problems embedded within it, e.g. classical ILC, intermediate point ILC, generalized ILC and sub-interval ILC. The successive projection method is used to design a control algorithm which can be easily implemented in practice and automatically provides the solution of the general ILC problem. The proposed algorithm is then verified experimentally on a three-axis gantry robot test
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PROBLEM FORMULATION
This section develops a general ILC problem formulation for intermediate point and sub-interval tracking.
System Dynamics
Consider an ℓ-input, m-output linear time-invariant system given in state space form by S(A, B, C)
where the subscript k ∈ N denotes the trial number; x k (t) ∈ R n , u k (t) ∈ R ℓ and y k (t) ∈ R m are the state, input and output respectively; A, B and C are system matrices of compatible dimensions; 0 < T < ∞ is the trial length. At the end of each trial, the state is reset to initial value x 0 . The system can be represented in an equivalent operator form
where the input and output Hilbert spaces L 
in which R ∈ S ℓ ++ and S ∈ S m ++ (S n ++ denotes the set of all n × n real positive definite matrices). The convolution operator G and signal d take the form
where, without loss of generality, the constant d(t) can be absorbed into the reference to give x 0 = 0, d(t) = 0. See Chu et al. (2015) for more information.
Generalized ILC Design Objective
The classical ILC design objective is to update the input signal, u k , such that the associated output, y k , ultimately tracks a given reference trajectory, r, defined over the whole time horizon, i.e. lim
To solve the classical ILC problem, the tracking error e k = r − y k is employed within the updating law:
In contrast, the intermediate point ILC design objective is to update the input signal, u k , such that the output, y k , tracks the reference, r, at a subset of time instants, i.e. lim
where 
where H is the Hilbert space denoted by
11) with inner product and associated induced norm . . .
where F i is an f × m matrix of full row rank which selects components of β that are important in the problem to be specified at t = t i . Also, operator P is defined as
with (P β) i = P i β(t), t ∈ [t i−1 , t i ], 1 i M where P i is an p×m matrix of full row rank which extracts the required linear combination of components of β.
From definitions (13) and (14), it follows that the 'extended output' y e comprises a subset of plant outputs defined over sub-intervals of the task duration, together with a subset of outputs at distinct intermediate points.
The dynamics of the extended system can therefore be modelled by
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